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Abstract 

Atomization of a liquid jet by a high speed air stream flowing over it is a phenomenon of paramount importance to 
industrial applications. The probability density function (PDF) of the droplet size distribution in atomization has 
been a subject of keen interest as it is a measure of atomization efficiency. Further, the trajectory of the droplets as 
they detach and disperse away from the jet is also important. Numerical simulations resolving the smallest droplets 
are exceedingly expensive computationally. We present here, a Lagrangian tracking algorithm coupled with a VOF 
algorithm to transform smallest droplets into particles to be modeled as Lagrangian particles. The influence of the 
droplets on the flow is accounted for by using a momentum source term in the Navier-Stokes equation. We show 
that the droplets maintain a near linear trajectory as they pass through the gas jet. A PDF of the droplet distribution 
in different regions suggests different mechanisms generating droplets at different scales and show the evolution of 
the PDF in space. 

 
Introduction 
 
       A large set of physical systems of industrial and scientific relevance involve interactions between phenomena 
occurring at various scales. Disparate scales are seen in situations like micro and nano-fluidics, particle-laden flows, 
combustion chambers, spray drying and atmospheric flows [1, 2]. Numerical simulations of a physical process in-
volving temporal and spatial scales separated by orders of magnitude require huge computational resources and 
time. In atomization, a liquid jet breaks up into small droplets because of interplay of several mechanisms active in 
the atomization process. The droplets broken-off from the liquid jet are orders of magnitude smaller than its diame-
ter. With the advent of various sharp-interface-tracking algorithms [3–9], numerical simulations of the atomization 
process have become possible[10–12]. Three dimensional temporal simulations of the breakup of a liquid jet by a 
coaxial high-speed gas have been reported in Refs.[10, 13] using the Volume-of-Fluid (VOF) method and by Tauber 
et al. [11] using the Front-Tracking method. Both studies showed the formation of thin ligaments which subsequent-
ly break into droplets. Small droplets formed during the atomization process require high grid resolution thus in-
creasing the computational cost by several folds. The computational cost can be reduced by artificially removing the 
smallest droplets from regions of the computational domain far from the liquid jet. An unaccounted removal of the 
droplets formed might affect the measurements of probability density function (PDF) of droplets and further may 
also lead to the loss of physics. Thus, a multiscale model is required to incorporate the essential effects of the droplet 
without investing enormous computational effort in completely resolving all the involved scales using a Navier 
Stokes solver. Recently, Kim et al. [12] performed multiscale simulations of a primary breakup of a liquid jet by a 
coaxial flow of gas. A variant of the Level-Set method was employed to solve the two-phase flow coupled with a 
Lagrangian spray model to track the droplets broken-off from the liquid jet. However, the splashing of the droplets 
on the primary jet was not modeled.  
 
We present here, multiscale simulations of a primary jet breakup using an Eulerian-Lagrangian approach with two-
way coupling, that is, both-way interaction between fluid and particles. The method has been implemented in Gerris 
[14], a two-phase VOF solver with balanced force surface tension model and quad/octree adaptive mesh refinement. 
The momentum source term in the Navier-Stokes equation because of the particles is smoothed using a Gaussian 
distribution function. The algorithm has been validated against various test cases. Finally, we present simulations of 
a breakup of a liquid jet converting droplets into particles upon formation and back into VOF resolved droplets 
based on their proximity to the VOF interface. We present a PDF of the droplet sizes during the atomization process. 
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Formulation 
The Navier-Stokes equations for a two-phase incompressible flow modified to implicitly incorporate the boundary 
conditions at the interface can be written as, 

( )[ ( ) ] 2 ,u u u D nt s ppρ µ σκδ Φ∂ + ∇ = −∇ +∇ + +         (1) 
where ( )u u,v,w= is the fluid velocity, ( , )x tρ  is the fluid density, ( , )x tµ is the dynamic viscosity and D , the de-

formation tensor, is defined as ( ) ( )( ) / 2D u u T= ∇ + ∇ . The surface tension force is non-zero only at the interface as 

signified by the Dirac delta function, sδ , with σ , n  and κ  representing the surface tension coefficient, the unit 
normal and the curvature at the interface, respectively. The momentum source term pΦ represents the effect of the 
dispersed phase simulated using a Lagrangian approach. 
 
The advection equation for density and the incompressibility condition are given by, 

( ) 0utρ ρ∂ +∇ = ,          (2) 
0u∇ = .           (3) 

The density and the viscosity field are obtained as, 
1 2(1 ) andc cρ ρ ρ≡ + −          (4) 

1 2(1 )c cµ µ µ≡ + − ,          (5) 
respectively, where ( ),xc t  is the volume fraction. Here, 1ρ , 2ρ  and 1µ , 2µ  are the densities and viscosities of the 
first and second fluids, respectively. The volume fraction takes values between zero and one. The advection equation 
for the density can be written in terms of the volume fraction as, 

( ) 0ut c c∂ +∇ = .           (6) 
A two-way coupled Eulerian-Lagrangian approach for the dispersed phase comprises of computing the external and 
fluid forces on the particle and incorporating the effect of the particles as a source term in the Navier-Stokes equa-
tion ( pΦ ). The governing equations of the motion of the particles are given by, 

x
vi

i
d
dt

= ,            (7) 

.i
i D I A L ext

dv
m F F F F F

dt
= + + + +          (8) 

where, im , xi and vi  are the mass, position and the velocity of the i−th particle respectively. The density and volume 
of the particle are denoted by i

pρ  and iV , respectively. The different forces , , , , ,D I A L extF F F F F  acting on the par-
ticle are the drag, inertial, added mass force, lift and external forces, respectively (see Refs [15,16] for details).  
 
The momentum source term pΦ in the Eq.1 is given by, 
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lim ,v ug g
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→ =

    = − + −    
   

∑        (9) 

where fV is the control volume containing pN particles [15]. 
 
The methodology adopted for solving the two-phase, sharp-interface, incompressible flow equations is presented in 
detail in Refs.[14, 17, 18]. A second-order accurate staggered in time discretisation has been employed for the vo-
lume-fraction/density and pressure fields. The details of the algorithm and its validation are presented elsewhere 
[18]. The Lagrangian particle tracking is performed using the updated velocity field. The fluid forces which are a 
function of the relative velocity between the particle and the fluid are computed. The fluid velocity is obtained at the 
particle position using a bilinear interpolation. Acceleration (Eq. 8) so obtained is integrated to compute the velocity 
of the particle and subsequently the updated particle position (Eq. 7). Equations 7 and 8 are discretized in time using 
the first order explicit forward Euler scheme. 
 
The two-way coupling force is a momentum source term in the Navier-Stokes equation (Eq. 1). To achieve numeri-
cal convergence it is smoothed using a Gaussian distribution with standard deviation pσ . The standard deviation for 
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the distribution of the force is taken to be the maximum of the radius of the particle and the size of the computation-
al cell containing its center. The particle size is in general smaller than the cell-size except in special situations 
where the grid is extremely refined due to high vorticity or some other criterion. The smoothed force is given by, 

( )
2 2/ / 2 ,p p

Dx x
p p pe σ πσΦ Φ − −=           (10) 

where pΦ  is the smoothed force and D is the dimension of the problem (2 in 2D). The smoothed force is distributed 
only in a surrounding stencil of approximately 3 pσ  to reduce the computational cost. On a quad/octree grid we 
achieve the above criterion efficiently by moving to a coarser level till one of the cell-faces is at least 3 pσ  distance 
from the particle thence the closest neighbors in 2 (3 in 3-dimensional) directions are identified and the children of 
these are traversed up to the finest level where the source term pΦ  is defined.  
 
A small Volume-of-fluid resolved droplet, formed during the numerical simulations of the primary atomization, 
leads to expensive computational effort with little gain. In the present study, we propose to model small droplets as 
Lagrangian particles. The center of the particle is located at the centroid of the droplet and the average momentum is 
computed to define the velocity of the particle. The void fraction field is re-assigned to remove the droplet from the 
computational domain. Similarly, a point particle formed from a droplet can be transformed back into a VOF-
resolved droplet based on its proximity to the VOF interface or a pre-specified region. The two-way coupling force 
is replaced by the velocity impulse introduced in the computational domain upon the transformation of the particle 
into a VOF-resolved droplet. Subsequently, the refined computational grid containing the droplet is assigned a uni-
form velocity field corresponding to the momentum of the particle. The above approximation can be improved by 
choosing an approximate analytical solution for the flow field inside the droplet. In addition, we perform 2D compu-
tations. The restriction to 2D flow is not realistic everywhere but constitutes only a heuristic exploration of what can 
be done. The drag, lift and other force laws used for studying the motion of the droplets are, however, three-
dimensional. 
 
Results and Discussion 
For validation of the implementation of the Lagrangian particle-tracking algorithm, the motion of a particle com-
puted using Gerris is compared with the results obtained from the Runge-Kutta integration using a prescribed shear-
flow field. The fluid velocity field is given by, 

cos( )sin( ),su C x yπ π= −  
sin( ) cos( ),sv C x yπ π=  

where, sC is chosen to be 0.1. 
The drag coefficient used is a function of the local particle Reynolds number Rep [16],  

3 / 2

1 0.15 Re
16 if Re 50,
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48 otherwise.
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−




        (11) 

The lift and added-mass force coefficients ( LC and MC ) are chosen to be 0.5[16]. Figure 1 shows the particle trajec-
tory for different grid resolutions. The cross in the figure marks the center of the anti-clockwise vortex. The solution 
obtained from a second order Runge-Kutta scheme is overlapping the computational results obtained for a grid reso-
lution of 28 × 28. The test case shows that the Lagrangian particle tracking algorithm accurately captures the motion 
of the particles. 
 
Forces on the fluid due to particles are modeled as a source of momentum in the Navier-Stokes equation. The size of 
the particle being considerably smaller compared to the computational grid size, the source of momentum is a point-
force. As discussed previously, we diffuse the force in a small region. Here, we discuss a test case to evaluate the 
numerical aspects of diffusing a point force in a small region. A point-source of momentum in a fluid leads to a jet 
of fluid flowing away from the source [19,20]. The flow generated is axi-symmetric with the line of force as the 
axis-of-symmetry. A non-dimensional analysis yields a Reynolds-number like parameter, 2/(2 ),F πρυ  governing 
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the flow. Due to the point source of momentum, a jet is formed by the entrainment of the slow-moving fluid pushed 
rapidly away from the origin. Here, υ is the dynamic viscosity. The edge of the so formed jet can be defined conve-
niently by the position where the streamlines are at the minimum distance from the axis. The azimuthal coordinate 
of the minimum point of the streamlines can be obtained from the relation below, 

2 0 0
2 2

0 0 0 0

cos 1 cos32 4 8/(2 ) log
3 sin cos 1 cos cos

F
θ θ

πρυ
θ θ θ θ

 −
= + + + 

.       (12) 

Figures 2(a) and (b) show the streamlines for 2/(2 ) 50F πρυ = and the comparison in the computed axial-velocity 
with the analytical solution for different grid resolutions. The quad tree grid is refined in a small radius (<0.05) with 
levels 8, 9 and 10. The force F is diffused in a small region with a standard deviation 2hmin where hmin corresponds to 
the minimum grid width (1/28 for grid level 8). The flow develops in time to show variation of ~r-m in space where 

1.468, 1.144and 0.974m = − − − for levels 8, 9 and 10, respectively. The theoretical result is 0
0 24 37 'θ =  and we ob-

tain 0
0 30 12 'θ =  with a force diffused using a standard deviation of 2−10 (quad-tree level 10).  

 
We show here a simulation of atomization using the implementation of the Lagrangian particle tracking coupled 
with the Navier-Stokes solver (Gerris). A liquid jet atomizes into small droplets by a high-speed coaxial air-jet flow-
ing over it. Thin liquid ligaments form at the liquid-gas interface due to the instability. Subsequently, the ligament 
breaks up into droplets. The prediction of the droplet size distribution in an atomization process is of immense im-
portance in several industrial applications. For example, the distribution of fuel in combustion chambers is critical to 
fuel economy. We have performed an atomization simulation, on a parallel machine using eight nodes, with small 
droplets transformed into Lagrangian particles. In order to perform simulations in parallel, special care needs to be 
taken in prescribing consistent identification numbers to the particles. Thus, enabling us to study the trajectory of 
droplets. A planar simulation of a liquid jet destabilized by a high-speed co-flowing gas has been performed. A thin 
tapered separator plate (Figure 3(a)) separates the liquid and gas flow near the inlet. The taper angle used in the 
present simulation is 70, the thickness of the separator plate at the inlet is e=150μm and the radius of the trailing 
edge is 20 μm. The flow parameters of the liquid and gas used are given in Table 1. The nondimensional parameters 
governing the process, namely, liquid-gas momentum ratio 2 2/g g l lM U Uρ ρ= , gas and liquid Reynolds numbers 

( Re /g g g g gUρ δ µ= and Re /l l l l lUρ δ µ= ) and Weber number 2 /g g g gWe Uρ δ σ=  are 16, 2060, 5000 and 10.2, re-

spectively. The boundary layer in the gas, 1/ 26.05Reg g gHδ −= , at the nozzle inlet is a function of the Reg  and is 
prescribed at the nozzle inlet using an experimental correlation [21]. Here, Hg is the thickness of the gas-jet. A simi-
lar correlation has been used at the liquid inlet to obtain lδ . The quad-tree level refinement used for computations is 
11 thus the smallest grid size is 5 mµ  and the interface is maintained at the finest level in the computation. The 
size of the computational domain is chosen to be 6cmX3cm. The refinement criteria used in the simulations is de-
scribed in Ref.[18]. 
 
The smallest droplets in the computational domain that occupy less than 25 smallest computational cells are trans-
formed into particles. The local computational grid upon transformation is coarsened. Figure 3(b) shows a snapshot 
of an atomization simulation performed in parallel with eight nodes. The blue dots in the figure represent droplets 
which have been modeled as Lagrangian particles. Droplets once formed are entrained into the fast moving air-
stream and are scattered in a wider region. The particles formed from droplets are resolved again by VOF when they 
approach a VOF-resolved interface. Figure 4 show the particle trajectories of the droplets formed near the inlet. The 
color of the lines represents the diameter of the particles. The particle lines maintain a near constant angle 
(~180)with the mean jet flow. A few particles have a shorter life span before they collapse back into the liquid jet. 
Figures 5(a) and 5(b) show the probability density distributions of the droplets in two different regions of the com-
putational domain (a) close to the nozzle inlet and (b) far from it (marked in Fig. 3(b)). Figure 5(a) shows a rather 
sharp peak for a diameter (10−20 µm) and another smoother peak of the distribution for a diameter (40−50 µm). In 
contrast, Fig. 5(b) shows a clear peak of the distribution at ~ 80 µm suggesting formation of larger droplets away 
from the nozzle. The above PDFs, thus, delineate the two mechanisms of formation of droplets, namely, by primary 
atomization of the jet and another by break-up of bigger fragments of liquid in the downstream. 
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Conclusions 
Multiscale simulations of atomization of a liquid jet into droplets have been presented. A Lagrangian particle track-
ing algorithm with two-way coupling has been used to capture the effect of smallest droplets formed during atomiza-
tion. The objective of the current study was to present an algorithm coupling VOF and Lagrangian particle tracking 
with applications to simulations of atomization. A high liquid-gas density and viscosity ratio (~100) atomization has 
been simulated using Gerris. A study of the trajectory of the droplets shows a rather linear motion of the droplet in 
the gas at a mean angle of ~180. Performing PDF of the droplet in two different regions of the computational domain 
shows two different mechanisms of droplet formation. Primary atomization near the liquid jet leads to the formation 
of small droplets whereas further downstream from the nozzle bigger droplets are formed.  
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Table 1. Properties of the liquid and the coaxially flowing gas jet. 
/g lU U (m/s) /g lρ ρ (Kg/m3) /g lµ µ (Pa.s) /g eδ ( µ m) 

20 / 0.5  10 /1000  5 31.7 10 /10− −×  175/150 

 
Figure 1.  Particle tracking in a vortex flow 
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 (a) (b) 
Figure 2. (a) Streamlines for 2/(2 ) 50F πρυ = and the grid resolution around the point force is 1/210 (b) Comparison 
of computed axial-velocity (at 090θ = ) for different resolutions with the analytical solution. 

(a) (b) 
Figure 3.  (a) Shape of the nozzle separating the gas and liquid jets near the inlet. (b)Break up of a liquid jet by a 
high-speed coaxially flowing gas-jet. A cloud of small droplets, modeled as Lagrangian particles (shown in blue), 
formed during the atomization process are advected and spread by the high speed gas. The two dash boxes mark 
regions where we perform PDF of droplets. 

 
Figure 4.  Trajectories of the particles formed near the nozzle-inlet (units in meters). The color of the trajectories 
correspond to logarithm of the particle diameter with the adjoining color-index. The dark line shows the mean-
trajectory (~180). 
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 (a)  (b) 
Figure 5. PDF of the diameter of the droplets formed at a location (a) near the nozzle-inlet (b) further downstream 
as marked in the Figure 4. The abscissa of the plots is the diameter of the droplet in meters. 
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